We propose a scheme for simulating 3+1, 2+1, 1+1 Dirac equation for a free spin-1/2 particle with superconducting josephson circuits consisting of five qubits, four qubits, two qubits respectively. In 3+1D and 2+1D, the flux qubit1 driven by a resonant pulse is in the superposition state of its own two eigenstatesis, and it is used as a bus to induce the (blue)red-sideband excitation consisting of a magnetic pulse acting resonantly on two levels of the flux qubit2 and the energy levels of one phase qubit, which yields two (Anti)Jaynes-Cummings interactions with one driving pulse and reduces the damage of the driving pulses to the system consequently. Numerical results show that decoherence time is several times longer than transition time supposing set appropriate experimental parameters. Therefore experiments verifying the dynamics of electron and neutrino, such as Zitterberwung effect in 3+1, 2+1 and 1+1 dimensions, can be implemented by microelectronic chips composed of the qubits as artificial atoms.
Due to the importance of Dirac equations, the simulations of Dirac equation are attracting more attentions. The pioneering schemes for the 1+1 and 3+1 Dirac equation in trap ion system are proposed in 2007 [1, 2] . The 1+1 Dirac equation has been experimentally implemented in trapped ions system and the corresponding Zitterberwung effect has been observed [3] . The propagations of photon in 2D photonic crystals and acoustic wave in the 2D sonic crystals obey the 2+1 Dirac equation for m=0 and spin-1 and the Dirac tremor has been found to occur at the Dirac point of the crystals [4, 5] . However, there is no experimental simulation for the 3+1 Dirac equation for a spin-1/2 particle so far.
Inspired by the original ideas that Josephson junctions circuits simulate natural atom [6, 7] and the trapped ions simulate the Dirac equations [1-3, 8, 9] , in this Letter we propose an convenient scheme for simulating the 3+1, 2+1, and 1+1 Dirac equation based on the superconducting Josephson junctions circuits. Josephson devices can behave like artificial atoms [6, 7] , meanwhile possess new features [10] . Under the present low temperature and the fabrication technology, Josephson devices have been used widely in the fields of quantum information [11] and quantum simulation [12, 13] .
The proposed scheme is based on the unified description of Zitterberwung effect [9] . The circuit diagram is shown in Fig. 1 . The 3+1D, 2+1D and 1+1D simulations can be implemented with the structures of five qubits, four qubits, two qubits respectively. The levels of magnetic flux qubits are mapped to the positive and negative energy levels, and the two spin levels of the particle. The particle momentum in each dimension corresponds to a phase qubit, and the momentum operator in every dimension is proportional to the translational operator constructed by the phase of its corresponding phase qubit. Fig. 2 presents the simulation results for the observations and the suggested parameters of the circuits.
Here, we focus on the mutual coupling caused by the shared junction and the self-coupling is written directly. The phase constraint conditions in the lth flux qubit loop and in pth phase qubit loop give where lowercase p corresponds to uppercase P ; 3+1D: r l =1, 2, 3; l=1:P =X, Z; l=2:P =Y. 2+1D: r l = 1, 2; l = 1:P = X; l = 2:P = Y. 1+1D: r l = 1, 2; γO = 0; l = 1:P = X. To be simplified, the dynamics of the models representing 3+1, 2+1, 1+1 Dirac equations can be generally written as the Hamiltonian J , and JJ l3 and l4 are smaller than l1 (or l2) by a factor α l . The loop enclosing JJ l1, l2 and l3 is applied with the reduced flux 2πf 
i denotes the phase differences across ith junction in lth qubit loop and ϕ
(l)
L is the phase differences due to the inductance of superconductivity ring in lth qubit loop. The SQUID loop, consisted of JJ l3 and l4 which are parallel to the capacitor C sl (red), is biased by the reduced flux 2πf (l) 2 . The shunt capacitance C sl is (β l − 2α l ) times of Josephson junction capacitance. The two flux qubits couple to each other with the shared large Josephson junction O (orange) which has Josephson energy EJO and capacitance CJO. The phase qubit p, parallel to a single crystal silicon capacitor Csp(red), has Josephson energy EJp and capacitance CJp, and the shared large junction P has Josephson energy EJP and capacitance CJP . Here p = x, y, z and P = X, Y, Z. The josephson energies satisfy EJP , EJO ≫ E (l) J , EJp. The loop, containing the phase qubit p, the shared large junction P and the superconductivity wire (the dotted line) with inductance Lp, is applied with the reduced flux 2πfp, which provides a current offset for the phase qubit p. ϕp, γO, γP denote the phase differences across the phase qubit p, shared junction P , shared junction O and ϕLp is the phase differences due to the inductance Lp. All of the shared junctions in the scheme can be replaced by the superconducting wires with the same inductive values. The first flux qubit (l = 1) interacts with the phase qubits p = x, z (green) with the shared large Josephson junctions P = X, Z (orange), and the second flux qubit (l = 2) interacts with the phase qubit p = y (green) with the shared large Josephson junction P = Y (orange). This 3D electrical schematic reduces to the 2D electrical schematic by removing the loop containing the phase qubit z, the shared large junction Z, and further reduces to the 1D case by removing the second flux qubit (l = 2) and the shared large Josephson junction O (orange).
pP : p = x&P = X; p = y&P = Y ; 1+1D : L = 1; C = X; c = x; HO = 0; pP : p = x&P = X.
Here, H (l) q in equation (1) is the Hamiltonian of single flux qubit [14, 15, [17] [18] [19] [20] , and it is shown as 
J /E
(1)
g + P LJP + LJO. Where, l = 1 and P = X, Z, l = 2 and P = Y in 3+1 dimension; l = 1 and P = X, l = 2 and P = Y in 2+1 dimension; LJO = 0 and P = X in 1+1 dimension. LJp, LJP , LJO denote effective inductance of phase qubit p, shared junction P , shared junction O respectively. The phase qubit parameter: p = x, y, z, P = X, Y, Z; EJp/h = 850 ∼ 1350GHz, fp is set properly so that sin ϕp0 = I pb /Ip0 = 0.99, I pb bias current, Ip0 critical current. EJp/ECp = 10 −6 , ECp = e 2 /(CJp +Csp), ELp = (Φ0/2π) 2 /(2Lp), the total inductance of the ring enclosing the phase qubit p and shared junction P is Lrp = Lp + LJP , geometric inductance Lp ∼ 40pH. All shared junction are biased by no current source. The shared junction parameter: EJP /h ∼ 8000GHz, ϕP 0 = arcsin (I P b /IP 0), I P b bias current, IP 0 critical current. EJO/h ∼ 8000GHz, ϕO0 = arcsin (I Ob /IO0), I Ob bias current, IO0 critical current. nx, ny, nz ∼ 0.005−0.025, weak radio-frequency field Φ The circling current is shown as [14, 15, [17] [18] [19] [20] [21] [22] 
2 /2, Φ0 magnetic flux quantum. = h/2π, h is planck constant. e is electronic charge. Here, H p in equation (1) is the Hamiltonian of pth phase qubit, and it is described as [21] 
charging energy Ecp = e 2 /2(Cp + Csp), cooper pair operator Np = −i∂/∂ϕp, the coupling energy Erp = (Φ0/2π) 2 /Lrp.
Here, H P in equation (1) is the Hamiltonian of P th shared phase junction, and it is described as [18, 21] 
Here, H pP in equation (1) is the Hamiltonian of superconducting ring corresponding pth phase qubit and shared junction P , and it is described as [21] 
The effective coupling energy is ELp = (Φ0/2π) 2 /Lp. Here, H O in equation (1) is the Hamiltonian of Oth big phase junction, and it is described as [18, 21] 
q0 indicates the Hamiltonian of the lth bare magnetic flux qubit biased by the static magnetic field. |e l , |g l represent two lower energy eigenstates of H (l) q0 . For convenience, the basis spaces {|g1 , |e1 }, {|g2 , |e2 } are transformed respectively into {|1D , |1U }, {|20 , |21 }, H
The Pauli operators are defined bŷ
In population representation, the Hamiltonian H p and photon energy are shown as
The boson operator is shown aŝ
|np represent eigenstates of p phase qubit [21] . Similarly, the Hamiltonian of the shared junction
Rotating frame by reference
satisfying the conditions of the frequencies
then the iterative calculations are carried out according to the following formula
Establish mapping relationship between two systems:
Then Hamiltonian H ef f obtained by the iteration is implemented by the diagonal transformation
one can obtain
The factors in the Hamiltonian are shown as
The basis space {|1D , |1U } rotates to {|10 , |11 }. After implementing Lorentz transformation S on the hamiltonian
with az = 0.5 tanh
, the standard form can be obtained
with the basis space {|10 , |11 } ⊗ {|20 , |21 } ⊗ {|nx } ⊗ {|ny } ⊗ {|nz } The zitterberweng effect is observed according to the formula [1] r(t) = r(0)+c 2 pH
In 2+1D, pz = 0 in equation (6) . Certainly, 1+1 Dirac equation is reduced equation (6), H I = mc 2σ z + cp xσx and 1+1D tremor is observed according to reduced formula (7) .
Quantum states stored at the superconductivity quantum system have been dead accidentally from thermal noise [23] or 1/f noise and geometric phase [24] [25] [26] prior to the decay naturally due to damping. Fig. 3 represents the decoherence time of each qubit in the system. Fig. 4 shows some other properties of the magnetic flux qubits, which related to decoherence. The flux qubits' scheme in Fig 1 is composite of schemes in reference [14] [15] [16] [17] . The new flux qubit has a suitable shunt capacitor, a thinner barrier determined by the SQUID set at proper operating point, a lager ring inductor. These new features effectively reduces the dephasing of the charge noise, the magnetic noise, and effectively broadens the stable operating region of flux qubit [14] [15] [16] [17] . Considering the AC component in the circling current, the coupling parameters of the flux qubit are fluctuating. When f (l) 1 ∼ 0.3310 or 0.3555, the circling current is smaller,
are larger and stable. So, the operating point shift of flux qubit is smaller due to transition of adjacent flux qubit. For ∼ M Hz noise, the adiabatic condition is well met [24] [25] [26] , the decoherence effects of the driving pulses are completely ignore. The coupling strength mapping to the kinetic energy is lager. For 
the phase qubits, a single crystal silicon shunt capacitor have released the relaxation time [27] . When operating point at I pb /Ip0 = 0.99, λp is larger.
In the current low temperature conditions, about 6mK, there is only a small influence of thermal fluctuation and photon noise [23, 29] . The thermal annealing has also enhanced dephasing time [31] . Nondestructive measurement reduces the damage from readout [32] . In our system, the ideal expected results can be obtained if the decoherence time can reach a microsecond. Resonance does not contribute to decoherence [33] , then the shortest decoherence time among all the qubits under the strict conditions is closer to the lower bound of the decoherence time of the system.
In conclusion, we have designed experimentally feasible quantum simulators to simulate 3+1, 2+1, 1+1 Dirac equation.
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From the view of quantum theory, we calculate the coupling between three qubits driven resonantly by the driving pulses and prove the inductance of the josephson junction is Φ 2 0 /(4π 2 E J ), which is consistent with the classic conclusion. To be simplified,â − represents annihilation operator, Einstein summation symbol is applied. " ± " is the same in the following cases:σ (2) ± and ±2ε 2 ;â ± x and ±ω x ; ±ω (1) i and ±φ (1) i ; ±ω (2) i and ±φ (2) i ; The leftâ ± P in thê a ± Pâ ± P and the left ±ω P in the ±ω P ± ω P in the exponential expression and the leftmost ±ω P in the denominator; The rightâ ± P in theâ ± Pâ ± P and the right ±ω P in the ±ω P ± ω P in the exponential expression and the other ±ω P in the denominator.
Part A: Quantization of the flux qubit [17] [18] [19] [20] [21] [22] When ring inductance L r → 0, the Hamiltonian of the system is shown as [22] 
−EJ cos ϕ1−EJ cos ϕ2−2αEJ cos(πf2) cos(ϕ1+ ϕ2+2πf1 + πf2)
−EJ cos ϕ1−EJ cos ϕ2−2αEJ cos(πf2) cos(ϕ1+ϕ2+2πf1 +πf2) the first derivative of the phase ϕ 1 is shown aṡ
the second derivative of the phase ϕ 1 is shown as
the current of junction1 in the flux qubit
the Hamiltonian of the flux qubit with ring inductance L r by driving pulses represents as
When ring inductance L r = 0, the Hamiltonian of the system is shown as
The circling current is approximated as 
2 )cos(2ϕ
corresponding circling current represents as
2 ) sin(2ϕ
q0 are transformed into
Part B: the quantization of the phase qubit:
Define the phase
bias current sin ϕ p0 = I pb /I p0 , the phase relationship:
the effective coupling energy of the inductance L rp
The Hamiltonian of the phase qubit p
In the population represention:
The boson operatorâ
the Hamiltonian is secondary quantized to
Total Hamiltonian is described as
the factors in the Hamiltonian are shown as
Part C: calculation of decoherence time
The decoherence time is calculated as
Here, Qi is charge in junction capacitor,I is the circling current, Cg is gate capacitance, C is junction capacitance, M is bias inductance. In our scheme, no voltage source is applied, so Cg = 0.
For the frequency of driving field ω (l)
i > 5GHz, the geometric dephasing is caused low frequency noise in the driving field rather than the driving field itself [24] [25] [26] . The detuning ∆
the coupling strength between the flux qubit and driving field Ω 
E/GHz
The energy spectrum of the qubit2
FIG. 5:
The magnetic flux qubits' energy spectrum the adiabatic condition is well met [26] , which means the geometric phase is very small but exists. Inspired by spin echo [26] , the dephasing effects of driving fields with opposite phase are counteracted each other. The dephasing effects are also counteracted by low frequency fields induced [24] .
Part D: Details of the iteration calculation
In 3+1D, the first order approximation is resonant coupling term between the flux qubit1 and weak time-dependent magnetic fluxes, corresponding to the rest mass of the particles. It is shown as
The second order approximation has been considered because it is related to self-coupling of qubit. The third order approximation is the resonant coupling term between two flux qubits, one phase qubit and weak time-dependent magnetic fluxes, corresponding to the momentum-spin coupling of the particles. It can be obtained by iteration of
Imdt3 , where j, k, m = 1, 2, 3 and j = k = m [17] [18] [19] [20] [21] [22] . All calculations satisfy the conditions of the frequencies:
The shared junctions' parameters are shown as: λO = (2ECO/EJO)
The coupling between momentum and spin in the x direction can be obtained by the iteration where
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The coupling between momentum and spin in the y direction can be obtained by the iteration where excite the resonant JC coupling and AJC coupling respectively. So, the coupling between momentum and spin in the y direction is shown as HI3y = The coupling between momentum and spin in the z direction can be obtained by the iteration where 
